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Abstract
This is brief review of acceleration of electrons in plasma wakefields driven
by either intense laser pulses or particle beams following lectures at the 2019
CERN Accelerator School on plasma accelerators, held at Sesimbra, Portu-
gal. The commonalities between drivers and their strength parameters and
operating parameter regimes for current experiments in laser wakefield accel-
eration (LWFA) and beam driven plasma wakefield acceleration (PWFA) are
summarized. Energy limitations are introduced, including the dephasing and
depletion lengths for lasers, and the transformer ratio for beam driven plasmas.
The concept of the wake Hamiltonian is introduced and the resulting particle
orbits are identified in phase space, which illustrates how the peak energy and
energy spread of accelerated electrons are determined.
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1 Summary of wakefield drivers
If the limiting factor on the scale of a conventional accelerator is breakdown of the accelerating structure,
then an attractive alternative is to use a plasma. A plasma can support arbitrarily high electric fields,
limited only by the obtainable charge density (and eventually, quantum effects). Longitudinal electric
fields moving at the speed of light are supported in the form of relativistic electron plasma, or Langmuir
waves. Generating these relativistic plasma waves requires a particle beam travelling at the speed of light
propagating through the plasma. This can be any species of particle that can cause a displacement of
the electrons, for example neutrinos through weak interaction or positrons through the electromagnetic
force [1]. For practical purposes (i.e. availability), the choice of particle beam driver is limited to
common charged particle beams (electrons or protons) [2] or photons (i.e. a pulsed laser) [3]. In all
cases, these driver beams displace background plasma electrons as they propagate to generate large
amplitude plasma waves with relativistic phase velocity, as described in other lectures in this series.
Table 1: Summary of parameters in recent PWFA and LWFA experiments for comparison.
Typical parameters PWFA experiments [4, 5] LWFA experiments [6]
Plasma density 1016 cm−3 1018 − 1019 cm−3
Plasma length ∼m ∼mm – cm
Drive beam energy 1010 − 1011 particles @ 10-1000 GeV ∼ 10− 104 J 1-10 J laser energy
Drive beam duration 10s fs (FACET), 100s ps (AWAKE) 10s fs
Drive beam focal size 10s µm 10s µm
The main schemes of electron acceleration are divided into "PWFA" schemes and "LWFA" schemes.
"PWFA" stands for Plasma WakeField Accelerator, but generally refers to plasma wakefields generated
by particle beams specifically. "LWFA" stands for Laser WakeField Accelerator. These schemes also
have other acronyms in the literature, including "LPA" and "PWA". The typical parameters, including
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plasma density and typical spatial/temporal scales of recent PWFA and LWFA experiments are summa-
rized in Table 1, with PWFA being broken down into electron beam and proton beam driven cases.
1.1 Charged particle beam and laser pulse strength parameters
Here we review the characteristics of beam and laser pulse drivers and note some commonalities between
them, especially with respect to wakefield generation. For a particle beam driver, the force that generates
the perturbation in the plasma is that due to its space charge force. Assuming cylindrical symmetry,
the force on a single test (plasma) electron can be expressed in terms of the gradient of a pseudo-potential
Ψb ' γ2b (φb −Abzvb), where φb and Abz are the electrostatic and longitudinal component of the vector
potentials due to the charged bunch traveling in the +z direction, with vb the drive bunch velocity,
γb =
√
1− v2b/c2. The transverse force on an electron with velocity βzc in the z (propagation) direction
is therefore
Fb⊥ = −e (1− βz)∇Ψb = −e (1− βz) γ
2
b∇ (φb −Abzvb) .
For a narrowly focused beam, outside of the beam radius σb (assuming a beam profile with com-
pact support) where the potential falls of as ∼ ln r, the pseudopotential, Ψb ' Ψ0 ln(r/σb), is related to
the integrated charge per unit length by
Ψ0 '
1
ε0
∫ σb
0
ρb(r, z)rdr ,
where ρb(r, z) is the drive beam particle charge. The longitudinal force is 1/γ
2
b weaker in strength,
Fb‖ = −e∇Ψb/γ2b , and so the transverse expulsion of electrons dominates. The constant Ψ0 can be
expressed in dimensionless form using the usual relativistic plasma normalization; v → v/c, x→ xωp/c,
t → ωpt, p → p/mc, E → eE/mecωp, ρ → ρ/ρ0 etc., where ωp =
√
eρ0/meε0 is the plasma
frequency. Using these quantities, Λ0 = eΨ0/mec
2 =
∫ σbωpc
0
ρb(r,z)
ρ0
(ωpr/c)d(ωpr/c).
The strength parameter for particle beam drivers is therefore Λ0, with Λ0  1 meaning the wake
is in the linear regime and for Λ0  1 it is in the highly nonlinear “blowout” regime. The blowout radius
of the plasma wake in the strongly nonlinear regime with a particle beam driver, where the space charge
repulsion balances the attractive force of the ion channel, can be shown to be kprb ≈ 2
√
Λ0 [7].
For a laser pulse, the force that generates the perturbation in the plasma is that due to its pondero-
motive force,
Fp = −
e2
2〈γ〉me
∇〈A2〉 ,
where the angle brackets indicate the cycle average over the fast timescale oscillations in the laser
pulse [8]. Again, expressed in the dimensionless units above, the relevant strength parameter is a0 =
e|A|/mec, with a0  1 and a0  1 indicating the linear and highly nonlinear “bubble” regimes. The ra-
dius of the plasma “bubble” in the strongly nonlinear regime with a laser pulse driver, where the pon-
deromotive force balances the attractive force of the ion channel, can be shown to be kprb ≈ 2√a0 [7].
These results are summarized in Table 2.
For a short driver (relative to the plasma period), behind the driver the plasma will respond
the same regardless of the driver. Hence, although beam and laser pulse drivers generate very different
plasma perturbations in the vicinity of the driver, behind the driver where the gradients are accelerat-
ing, the plasma perturbation will be generally quite similar regardless of the driver type, as illustrated in
Fig. 1. Hence we can discuss acceleration by a plasma wakefield in quite general terms.
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Table 2: Summary of strength parameters for PWFA and LWFA
Parameter LWFA PWFA
Strength parameter a0 Λ0
Linear regime a0  1 Λ0  1
Nonlinear regime a0  1 Λ0  1
Wake potential amplitude (linear regime) ∝ a20 ∝ Λ0
Wake potential amplitude (nonlinear regime) ∝ a0 ∝ Λ0
Nonlinear regime radius kprb ≈ 2√a0 kprb ≈ 2
√
Λ0
Fig. 1: PIC-simulation visualization of electron-driven PWFA (a) and laser-driven LWFA (b) in the blowout/bubble
regime, respectively. The driver beam is shown in green and propagates to the right, expels plasma electrons (not
shown) and thus generates strong trailing electric decelerating/accelerating fields. Figure from Fundamentals and
Applications of Hybrid LWFA-PWFA, B. Hidding et al., Appl. Sci. 2019, 9(13), 2626.
1.2 Accelerating and focusing wake phases
A wakefield has oscillating fields that demonstrate both accelerating / decelerating regions and focusing /
defocusing regions. In the linear regime, there are four pi/2 phases with each combination of accelerating
/ decelerating and focusing / defocusing equally distributed. For acceleration of a beam, it is necessary
to be in the phase of the wake that is both focusing and accelerating. Figure 2 shows the longitudinal
(x) and transverse (y) electric fields of a wake generated by a laser driver with a0 = 0.1, illustrating this
four-fold symmetry.
In the nonlinear regime, as illustrated in Fig. 3 where a0 = 1, the wake accelerating / decelerat-
ing regions and focusing / defocusing regions become very asymmetric, with the fields being primarily
focusing for electrons. This is obviously very advantageous for electron acceleration, but is a signifi-
cant disadvantage for positron acceleration where the focusing phase becomes very small. Other more
complex schemes have been proposed to overcome this. See other lectures for details.
2 Limits on Maximum energy gain of an electron beam
All plasma wakefield accelerators involve the generation of a plasma wave with relativistic phase velocity
by a perturbing object (laser pulse, charged particle beam) traveling at near light speed. The generated
plasma wakefield may accelerate an electron beam known as a “witness beam”. These lectures will
concentrate on the considerations of wakefields generated by a general relativistic perturbing object
(laser pulse, particle beam etc.) with an approximately constant velocity and which doesn’t change in
amplitude. In reality, the driver evolves as it propagates, due to nonlinear refractive index or beam head
erosion etc. effects, which are left for later lectures.
The phase velocity of the wakefield structure will be dictated by the velocity of the relativistic
3
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Fig. 2: Electric fields of a wake generated by a laser driver with a0 = 0.1.
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Fig. 3: Electric fields of a wake generated by a laser driver with a0 = 1.
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driver, which for a charged particle beam driver of energy γbmec
2 will be vb =
√
1− 1/γ2b and for a laser
pulse driver with group velocity (envelope velocity) vg =
√
1− ω2p/ω20 for linear dispersion, where ω0 is
the laser (angular) frequency, we can assign an effective Lorentz factor γg = ω0/ωp. The laser evolution
is in reality quite complicated, and simulation studies have implied an effective Lorentz factor for laser
propagation of γg = ω0/
√
3ωp [9] due to pulse front erosion. The details of this are left for other lectures,
but it is enough for us to say that we can define an effective Lorentz factor for the plasma wake structure
generated by the relativistic driver, whether a charged particle beam or laser pulse, which we denote γp.
As a cartoon example of how energy gain is affected by acceleration in a moving wave structure,
consider an electron gaining energy between a pair of parallel plates with a potential difference of −V0,
as shown in Fig. 4(a). The energy gain of the electron crossing the gap is, trivially, ∆γmc2 = eV0
Now imagine we attach the parallel plates to a rocket that is pulling them at a constant speed v = vp.
What is the maximum energy gain we can achieve? Now as the electron passes through the plates, they
move along with it, thus lengthening the time the electron spends in the accelerating fields and therefore
increasing the energy gain.
There are two things that can occur to limit the energy gain in this cartoon example. Either the elec-
tron reaches the other side of the parallel plates or the rocket runs out of fuel. These have analogues for
acceleration by a plasma wakefield. In the former case, the limit is known as dephasing, since the elec-
tron has exited the phase of the accelerating moving structure. In the latter case, the limit is known as
depletion. In a plasma accelerator, the dephasing limit is typically associated with laser drivers, since
the group velocity of the laser driver has a relatively big difference from the speed of light in vacuum and
so the accelerated particle eventually outruns the pulse. The depletion limit is typically associated with
particle beam drivers, as experiments have been run with ultra-relativistic drivers such that the witness
electron beam does not catch up with the driver before the driver is significantly depleted of energy.
Laser drivers can also be limited by depletion of the laser pulse energy under certain conditions.
−V00
Δγmc2
L
E0
Electron
−V00
L
E0
v = vp
v = vp
a b
Fig. 4: Cartoon showing the effect of a moving accelerating structure on the maximum energy gain. (a) A pair of
parallel plates. (b) Parallel plates being towed by a rocket.
2.1 Dephasing of the electron beam
In the case that the wake has a relatively slow phase velocity1, the accelerated electrons cannot indefi-
nitely stay in phase with the accelerating phase of the plasma wave due to the small, but not insignificant,
difference in velocity between the pulse and electron bunch vz − vp 6= 0. This means that the elec-
tron bunch will eventually out-run the accelerating part of the wakefield, which places an upper limit on
1This means that the difference between the wake velocity and the speed of light, ∆v/c = 1− vp/c is not small compared
with c/ωpL, where L is the plasma length. If ∆v/c  c/ωpL, then the phase slippage relative to the speed of light frame is
negligible since it is small compared to the plasma-wave length-scale.
5
the maximum energy gain by these electrons in a single (uniform density) plasma stage. The length over
which this occurs is known as the dephasing length Ld.
The simple model we will use to develop scalings for this maximum energy is to consider the elec-
tron beam to have been “injected” somehow, which is to say that it is initialized with a velocity equal
to the phase velocity of the plasma wake, vp at some point behind the driver. We do not consider the
details of how it reached these conditions, just that it initially has vz = vp somewhere in the plasma
wake. A useful tool is to use the coordinates of the “wake frame”; this is a frame of reference moving at
the phase velocity of the relativistic plasma wave. This frame is not a Lorentz boosted frame but simply
a (Galilean) coordinate transform from (x, y, z, t) to new coordinates (x, y, ξ, τ) where ξ = z − vpt is
the wake phase and τ = t. Using the chain rule for partial derivatives:
∂
∂t
=
∂τ
∂t
∂
∂τ
+
∂ξ
∂t
∂
∂ξ
=
∂
∂τ
− vph
∂
∂ξ
(1)
∂
∂z
=
∂τ
∂z
∂
∂τ
+
∂ξ
∂z
∂
∂ξ
=
∂
∂ξ
(2)
If the driver is slowly evolving, the time derivative ∂/∂τ → 0, and so all quantities depend
on ξ only. For a general wakefield, with longitudinal electric field Ez(r, t) that is used to accelerate
the electron beam, if the driver is non-evolving and cylindrically symmetric then the the field can be
expressed as Ez(r, ξ). Provided the electrons stay close to the axis (in the linear regime; this restriction
is not necessary in the blowout regime, because the accelerating field is uniform in the radial direction),
the accelerating field can be expressed as a function of a single parameter only, Ez = Ez(ξ).
The equation for longitudinal energy gain γ‖mc
2 of an electron in this field, using
dξ
dt
= vz − vp ,
where vz is the longitudinal velocity of the accelerating electron, is
d
dξ
γ‖mec
2 =
−eEz(ξ)
1− vp/vz
.
If we assume that the electron is traveling at very close to the speed of light, vz ≈ c, this can be expressed
as
d
dξ
γ‖mec
2 ' −eγ2p(1 + βp)Ez(ξ) ,
which has the solution for the energy gained by an electron in the wakefield of
∆γ‖mec
2 ' −γ2p(1 + βp)
∫ ξf
ξi
eEz(ξ)dξ ,
where ξi is the initial phase of the electron and ξf is the final phase.
The assumption that we may replace vz with c in these calculations is valid for the following
reasons: Since for a longitudinally directed electron, vz/c =
√
1− 1/γ2 and the plasma wave phase
velocity is vp/c =
√
1− 1/γ2p , 1− vp/vz ' (1/2γ2p)(1− γ2p/γ2) to leading order in 1/γ2p and 1/γ2.
A 50 MeV electron has γ2 ≈ 104, whereas γ2p ∼ 100 for typical experimental densities of
6
1018 − 1019 cm−3. A trapped electron must have γ > γp in any case. Hence, this approximation is
reasonable for most of the acceleration process. There are ways of violating this. For example, for large
amplitude oscillations about the axis, the longitudinal velocity component will be reduced on average
because vz = pz/γm and γ contains the transverse momentum due to the oscillations. We can define
the average electric field experienced by a particle as
Ez =
∫ ξf
ξi
Ez(ξ)dξ
∆ξ
,
where ∆ξ = ξf − ξi is the wake phase the particle travels in the acceleration process. Hence the longi-
tudinal energy gain can be expressed as
∆γ‖mec
2 ' 2γ2pe|Ez|∆ξ .
The distance in the laboratory frame over which this acceleration occurs can be calculated via ∆ξ =∫ tf
ti
(vz − vp)dt, where ti and tf correspond to the times where the particle is at wake phases ξi and ξf
respectively. This can be expressed as
∆ξ =
∫ tf
ti
vz
(
1− vp
vz
)
dt .
Using the above expansion, neglecting the γ2p/γ
2 term,
∆ξ ≈ 1
2γ2p
∫ tf
ti
vzdt =
1
2γ2p
Ldeph ,
where Ldeph is the length over which the acceleration occurs, known as the dephasing length. We can
see that by this definition, in general:
∆γ‖mec
2 ' e|Ez|Ldeph .
Note that this expression is quite general; we have not said anything about the form of the electric field
shape, but assume that the motion is highly relativistic and paraxial. We may also view this from the point
of view of the wake potential. Since
Ez(ξ) = −
∂φ
∂ξ
,
the longitudinal energy gain can be expressed as
∆γ‖mec
2 ' γ2p(1 + βp)
∫ ξf
ξi
e
∂φ
∂ξ
dξ = γ2p(1 + βp)e[φ(ξf )− φ(ξi)] ,
where it is assumed that the function g(x, y) of integration (of a partial differential) is zero. Hence,
although the maximum energy gain will depend on the details of the wakefield shape, the benefit of this
general analysis is that it is clear that regardless of the details of the wakefield structure, the energy gain
for a relativistic wake phase velocity βp → 1 will be approximately ∆γ‖mec2 ≈ 2γ2pe∆φ [10], where
∆φ is the potential difference between the maximum potential in the wake and the potential at the phase
when the electron is “injected” (with vz = vp).
In Table 3, the resulting scalings for the energy gain in the linear, nonlinear (1D) and nonlinear
(3D) regimes are summarized. The details of the wakefield generation in linear and nonlinear 1D and
3D regimes by beam and laser drivers are covered in other lectures. These scalings in the 3D nonlinear
regime have been confirmed by simulations [11] and numerous experiments [12]. Figure 5 illustrates
the scaling for maximum energy gain, accelerator length (dephasing limited) and effective accelerating
gradient for an 800 nm laser driver under matched conditions. Note that “advanced accelerators” are
defined as having accelerating gradients greater than 1 GeV/m, so this sets a practical lower limit on
the density and therefore maximum energy in a single stage.
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Table 3: Scalings for laser wakefield acceleration, based on table I in ref. [11] in addition to modifications from
[10], which are consistent with the above relations. The parameters in the columns are the normalized field strength
a0, normalized averaged accelerating gradient |Ez|, the effective wavelength of the wake λW , dephasing length
Ldeph, pump depletion length Lpd, effective wake phase velocity γp, and the dephasing and depletion limited
electron energy gains, ∆γ‖,deph and ∆γ‖,pd, respectively.
Regime a0
e|Ez |
mcωp
λWωp
c
Ldephωp
c
Lpdωp
c γp ∆γ‖,deph ∆γ‖,pd
Linear a0  1 a
2
0
2pi 2pi 2pi
ω
2
0
ω
2
p
1
a
2
0
ω
2
0
ω
2
p
ωpτ
ω0
ωp
a20
ω
2
0
ω
2
p
ω
2
0
ω
2
p
ωpτ
2pi
Nonlinear (1D) a0  1 a02 4a0 4a20 ω
2
0
ω
2
p
ω
2
0
ω
2
p
ωpτ
√
a0
ω0
ωp
2a30
ω
2
0
ω
2
p
a0
ω
2
0
ω
2
p
ωpτ
Nonlinear (3D) a0  1
√
a0
2 4
√
a0
4
√
a0
3
ω
2
0
ω
2
p
a0
ω
2
0
ω
2
p
ωpτ
1√
3
ω0
ωp
2
3a0
ω
2
0
ω
2
p
a
3/2
0
ω
2
0
ω
2
p
ωpτ
a b c
Fig. 5: Scalings with plasma number density for LWFA in the 3D nonlinear regime for an 800 nm laser with
matched conditions. (a) The energy gain (b) dephasing (accelerator) length (c) effective accelerating gradient.
2.2 Depletion of a laser driver
Both a laser driver and beam driver lose energy in generating a wakefield, which also provides a limitation
on acceleration length. For the laser, we may define a pump-depletion length, Lpd, which is the length
over which the driver loses energy and beyond which it may be assumed the driver is no longer able to
generate a large amplitude wakefield.
An estimate of the pump depletion length for an arbitrary driver can be made by equating the en-
ergy in the driver with the electromagnetic energy transferred to the generated wake field. The maximum
electromagnetic energy of the wake in a region of thickness δz near the axis where only the Ez compo-
nent of the fields is non-zero over a small cross-sectional area δA is
δUW ≈
1
2
ε0E
2
zδAδz .
Hence the total energy transferred to the plasma wake over a length Lpd is
UW ≈
1
2
ε0E
2
zδALpd .
We can equate this with the driver energy over the same small cross-sectional area δA, assuming
a driver energy density η and pulse length τ
Ud ≈ ηδAcτ ,
8
such that
Lpd =
2ηcτ
ε0E
2
z
.
If the driver is a laser pulse, the energy density is
Ud(laser) =
1
2
ε0E
2
L =
1
2
ε0m
2c2ω20
e2
a20
and therefore
Lpdωp
c
=
ω20
ω2p
a20
(eEz/mcωp)
2
ωpτ ,
which leads to the scalings given in Table 3.
3 Particle orbits in a plasma wakefield
3.1 Wake Hamiltonian
The textbook Hamiltonian for an electron in electromagnetic potentials A(x, t) and φ(x, t) is
H =
√
(mc2)2 + (P− eA)2c2 − eφ ,
where P = γmv + eA is the canonical momentum, and the Lorentz factor of the electron in the field is
γ =
√
1 + (P− eA)2/m2c2.
For the wakefield, we would like to express the Hamiltonian in terms of the more natural wake
coordinate ξ = z−vpt, since if the driver is non-evolving, all quantities will vary as x, y, ξ only. Through
a canonical transformation using a generating function
F2 = P · x− vp
∫
(Pz − eAz)dt
we can re-express this in terms of the coordinates x, y, ξ, t as the wake Hamiltonian
HW =
√
(mc2)2 + (P− eA)2c2 − eψ − vpPz ,
where ψ = φ− vpAz . This expression is similar to that found in [13], but includes the longitudinal com-
ponent of the vector potential, which generates the azimuthal magnetic field in 3D wakefield structures.
We can show that this Hamiltonian is consistent with the equations of motion by explicitly calculating
Hamilton’s equations,
x˙ =
∂HW
∂P
=
P− eA√
(mc)2 + (P− eA)2
− vp = v − vpzˆ ,
where v = (P− eA)/γm, which the kinetic velocities as expected with ξ˙ = vz − vp, and
P˙ = −∂HW
∂x
=
∂eA
∂x
· P− eA√
(mc)2 + (P− eA)2
+
∂eψ
∂x
=
∂eA
∂x
· v + ∂eφ
∂x
− vp
∂eAz
∂x
,
which is the same as that arising from the standard electromagnetic Hamiltonian result (which can be
shown equivalent to E+ v×B) but with an additional term −vp ∂eAz∂x which arises due to the change of
coordinates from x, y, z, t → x, y, ξ, t. If we assume that there is no explicit time dependence, which is
equivalent to saying that the driver is non-evolving, then this Hamiltonian is conserved. Hence,
HW
mc2
= h0 = γ − βpuz −Ψ , (3)
9
is a useful constant of motion, where Ψ = eψ/mc2 and uz = Pz/mc. Note that eψ+Pzvp = eφ+pzvp,
so this can also be written as γ(1 − βpβz) − eφmc2 , where βz = vz/c. This last expression predicts
the same energy gain as given earlier, since it implies that the change between initial, i, and final, f ,
points in the trajectory is
e∆φ
mc2
= γf (1− βz,fβp)− γi(1− βz,iβp) ,
which, using the same βz → 1 approximation as previously rearranges to
∆γ ≈ 2γ2p
e∆φ
mc2
.
3.2 Wake phase space
The wake Hamiltonian can be used to illustrate the different trajectories in the wake phase space.
The phase space is a map of all possible particle coordinates, but we restrict it for practical purposes
(to show as a 2D image) to being the possible coordinates of particles in the phase space (Pz, ξ). For
simplicity, consider a plane wave, nonevolving driver, such that Ψ and a = eA/mc only depend on ξ.
Transverse canonical momentum is conserved in this case, so Px = Py = 0, and by choice of gauge
∇ ·A = 0, az = 0. The wake Hamiltonian is (in normalized form and setting Hw = h0mc2), therefore
h0 =
√
1 + a(ξ)2 + u2z −Ψ(ξ)− βpuz .
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Fig. 6: (top) Laser field a, wake potential φ, electric field E and density perturbation δρ for a laser driver with
amplitude a0 = 0.1. (bottom) Resulting phase-space trajectories (red and blue). The green dotted line indicates
the wake potential.
Each particle trajectory is defined by a value for h0, and so by rearranging Eq. (3), we can solve
for the longitudinal momentum of the particle as a function of ξ, as
uz = γ
2
p(h0 + Ψ(ξ))
βp ±
√√√√1− 1 + a(ξ)2
γ2p(h0 + Ψ(ξ))
2
 . (4)
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The + and− components of this stitch together at h0 +Ψ = 1/γp+a2, which from the Hamiltonian can
be seen to be the turning points when uz = γpβp. Trajectories which include uz = γpβp will consist of
closed orbits in phase space, whereas for those that do not touch uz = γpβp there are two solutions, one
passing in the forward direction and one passing in the backward direction. A trajectory that is stationary
in the laboratory frame will be appearing to propagate backwards in the wake frame. A particle that is
travelling at the wake phase velocity in the laboratory frame will appear stationary in the wake frame.
To demonstrate the properties of these solutions, following Ref. [13] we calculate numerical solu-
tions of the nonlinear Poisson equation for plasma waves, which stated without derivation2 is
∂2Ψ
∂ξ2
= γ2pk
2
p
βp
(
1− 1 + a
2
γ2p(1 + Ψ)
2
)−1/2
− 1
 ,
using a gaussian envelope driver field of the form
a2 = a20 exp
(
−8 ln 2k
2
pξ
2
pi2
)
.
Figure 6 indicates these phase space orbits for such a calculation for a laser driver with amplitude
a0 = 0.1. (top) Laser field a, wake potential φ, electric field E and density perturbation δρ. (bot-
tom) Resulting phase-space trajectories (red and blue). The green dotted line indicates the wake poten-
tial. The red and blue trajectories correspond to the + (red) and − (blue) components of the expression
given in Eq. (4). Where they meet, you can observe continuous orbits circulating in phase space. These
trajectories correspond to the orbits of electrons that are trapped in the wake.
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Fig. 7: (top) Laser field a, wake potential φ, electric field E and density perturbation δρ for a laser driver with
amplitude a0 = 0.5. (bottom) Resulting phase-space trajectories (red and blue). The green dotted line indicates
the wake potential.
As the wake driver amplitude increases, the generated wake potential changes from being sinu-
soidal in the linear regime to a parabolic shape in the strongly nonlinear regime. Figures 7 and 8 show
2See other lectures for derivation of nonlinear plasma wakes.
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Fig. 8: (top) Laser field a, wake potential φ, electric field E and density perturbation δρ for a laser driver with
amplitude a0 = 2. (bottom) Resulting phase-space trajectories (red and blue). The green dotted line indicates
the wake potential.
the phase space orbits for laser drivers with amplitude a0 = 0.5 and a0 = 2 respectively, indicating
this transition to parabolic orbits. As the amplitude increases, the range of trapped orbits increases to
include those electrons initially at rest in the laboratory frame. This corresponds to the phenomenon of
wavebreaking, as clearly if large numbers of background particles are trapped, the wave structure will
be destroyed since the framework of this problem is that there is a wave made up of the background
electrons that is unperturbed by the presence of ‘witness particles’ that are accelerated on trapped orbits
in the phase space.
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Fig. 9: Zoomed in region of figure 8 showing the resulting phase-space trajectories (red and blue) near uz = 0.
The purple dashed line indicates uz = 0. The purple solid line indicates electrons with zero momentum far ahead
of the laser which end up near the separatrix.
Figure 9 shows the same phase space as Fig. 8 but zoomed in to look at the detail near uz = 0.
The purple dashed line indicates uz = 0. The purple solid line indicates electrons with zero momentum
far ahead of the laser which end up near the separatrix. This indicates that for a large enough amplitude
wave, wavebreaking can occur. If there is an initial distribution of particle momenta, the particles that are
on average moving forward may be trapped. Alternatively, if electrons are ‘born’ at rest within the wake
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Fig. 10: Momentum-phase space diagrams for monoenergetic bunch production.
structure, at a phase corresponding to a closed orbit, it will be trapped – this is the case for ionization
injection [14,15], where inner shell electrons are bound closely to the ions until ionized within the wake
structure.
3.3 Phase rotation and extraction
Once trapped, electrons are accelerated by following the phase space orbits to the turning point of the po-
tential, which corresponds to the dephasing length in the laboratory frame. This represents the maximum
energy gain. For useful applications, the spectral shape should be a peaked distribution around a single
energy with small spread.
The simplest way to produce electrons at a single energy is to accelerate them with identical force
over an identical distance. That is to say, in the absence of beam loading effects monoenergetic electrons
with a small energy will be produced if a bunch of electrons occupy a configuration space region that
is small compared to the electric field gradient, and are all trapped within a period short compared with
the overall acceleration time.
The dephasing length has already been discussed with respect to the maximum energy gain from
the wakefield accelerator, but it also affects the energy spread. In a non-evolving wake, electrons can
occupy closed orbits in momentum-phase space, as illustrated in Fig. 10. They are accelerated and
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Fig. 11: (a) Momentum-phase space diagram showing filled orbit with width ∆h0 = 0.1. (b) Effective electron
spectrum calculated from filled phase-space.
subsequently decelerated. Injected electrons will all follow very similar orbits, and thus a bunch of
electrons along an orbit will rotate in phase space, resulting in a small energy spread. The energy spread
of the electron bunch can be minimized if it is extracted at the point of highest energy, the turning point
of the potential well. This is the dephasing length. Extraction of the electron bunch at the dephasing
length means terminating the plasma at this length.
Of course, the wakefield is not usually non-evolving, and so propagating for longer than a dephas-
ing length is likely to result in increased energy spread compared to the original bunch. At high densities,
trapping continues for long times and many orbits are taken by the electrons and so a broad energy spread
is the likely result. Such a spectrum looks very similar to experimentally measured spectra.
In Figure 10, panel (A) shows that even if the trapped electron distribution has a short temporal
distribution, if trapped over a large range of phases, since the electrons all follow the closed phase
space orbits, they will end up occupying an undesirable large range of energies. Panel (B) shows that if
the electrons are trapped over a small range of wakes phases but for a long period of time, the energy
spread will be compressed. Indeed, even if the injection is continuous, a quasi-monoenergetic electron
spectrum can be achieved.
In Figure 11 (a), the phase space density for particle orbits that are completely filled within a range
of h0 values, ∆h0. This is equivalent to a situation where there is continual injection of electrons at
the rear of the first wakefield period over the small range of wake phases in a non-evolving wake.
Each electron trajectory contributes a δ(Pz − Pz(ξ, h0)) to the overall distribution, where δ(x) is
the Dirac distribution, and so for a given injection distribution (i.e., how the electrons are distributed on
the phases space orbits), fi(h0), the overall phase-space distribution will be f(Pz, ξ;h) =
∫∞
−∞ f(h0)δ(Pz−
Pz(ξ, h0))dh0. Therefore, the spectrum is given by:
f(Pz) =
∫ ξf
ξi
∫ ∞
−∞
f(h0)δ(Pz − Pz(ξ, h0))dh0dξ .
In Figure 11 (b), the blue line shows the electron spectrum that results by integrating over all phases using
this expression with f(h) = f0 exp(−h2/∆h2), which shows a characteristic quasi-monoenergetic peak
that arises naturally because of this phase rotation effect. The red and yellow lines show increasing values
of ∆h0 and its effect on the electron spectrum.
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Fig. 12: (a) Wakefield generated by a short driver. (b) Wakefield generated by a short driver and a short witness
bunch.
3.4 Transformer ratio
In PWFA [2], one important definition is the transformer ratio, which is a limitation on the energy
transfer from one beam to another. We accelerate a “witness” bunch in the wake of the first “drive”
bunch, but the witness bunch generates its own wakefield. Following the derivation in reference [16]
The total wakefield is a linear superposition of wake contributions from both the drive bunch and witness
bunch. Assume that there are two short bunches located at wake phases ξ = z − vpt = 0 and ξ = w,
with number densities for the drive beam, Nb, and witness beam, Nw. Each individual electron induces
an identical wakefield with electric field Ez1(ξ). The total wakefield is a linear superposition of Ez1(0)
and Ez1(w), as shown in Fig. 12.
Hence, the energy loss rate of a single electron in the drive beam (assuming it is ultrarelativistic
so vz ≈ c) can be expressed as
d
dt
γbmc
2 ≈ −NbeEz1(0)c .
Likewise, the energy loss rate for a single electron in the witness bunch is
d
dt
γwmc
2 ≈ −NbeEz1(w)c−NweEz1(0)c .
In this expression, the first term on the right hand side represents the electric field of the wake generated
by the driver and the second term represents the wake of the witness bunch. If we sum these two expres-
sions together weighted by the number of electrons in each bunch the total is the rate of change of total
energy,
Nb
d
dt
γbmc
2 +Nw
d
dt
γwmc
2 =
d
dt
(Total energy) ,
and therefore since clearly the total energy can’t increase,
Nb
d
dt
γbmc
2 +Nw
d
dt
γwmc
2 ≤ 0 ,
and so
N2b eEz1(0)c+NbNweEz1(w)c+N
2
weEz1(0)c ≥ 0 .
Clearly, for there to be any energy gain by the witness bunch at all, the magnitude of Ez1(w) must be
negative, and so
(N2b +N
2
w)Ez1(0) ≥ NbNw|Ez1(w)| .
For a symmetric situation where the two bunches are the same charge, this leads to
|Ez1(w)| ≤ 2Ez1(0) ,
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or in other words the accelerating gradient at the bunch can be no more than double that of the drive
bunch. Thus, the total accelerating gradient experienced by the witness bunch, Ez(w) is
Ez(w) ≤ (2Nb −Nw)Ez1(0) .
For an electron beam driver, the depletion length can be formulated by setting the initial beam energy
per particle γbmc
2 equal to the work done on an electron in the beam, i.e.
Lpd =
γbmc
2
eEz1(0)Nb
.
Since the maximum work done on an electron in the witness beam is
∆γwmc
2 = eEz(w)Lpd ,
we can combine these expressions to obtain
∆γwmc
2 ≤ (2Nb −Nw)
Nb
γbmc
2 .
The transformer ratio,RT , is the ratio of the energy gain by the witness beam relative to that of the driver
beam, i.e.
RT =
∆γw
γb
= 2− Nw
Nb
.
It therefore quantifies the maximum energy transfer from driver to witness. It can also be seen that it is
RT =
Ez(w)
Ez(b)
,
where Ez(b) is the electric field at the drive beam. This upper limit can be overcome by asymmetric and
shaped bunches. For a wedge shaped bunch of length L [17],
RT ∼
L
Λ0
.
Figure 13 shows a wedge shaped bunch from an OSIRIS simulation (reproduced from [17]) demonstrat-
ing a transformer ratio of 5.7. The overall energy transfer efficiency η is the transformer ratio weighted
Based on estimation from the hosing theory[8], one can
expect that a practical transformer ratio is in the range
of 5 ∼ 10. Therefore, to reach the parameters relevant
to XFELs, a high charge (5-10nC) low energy driver (1-
3GeV) with an elongated current profile (with a duration
around half ps) is needed. Assuming a transformer ratio
of 5, a second ultra-short beam with proper current pro-
file and lower charge ( 1nC) can be load d into the wake
at a proper phase and be accelerated to high energy (5-
15GeV) in very short distances (10s of cms). The effi-
ciency can be quite high based on the estimation from the
beam loading theory[9]. In Fig.2 we show the results from
a sample QuickPIC simulation[10]. The driver is a 0.56ps
long 1GeV beam with 5nC charge, the trailer is a 23fs
long 1GeV beam with 0.35nC. Both beams have a nor-
malized emittance around 1mm mrad and a spot size of 5
microns. To reduce the possible hosing growth, a 10.8cm
long parabolic plasma channel with a radius of 68 microns
is used. The plasma densities are 0.5× 1017cm−3 near the
axis and 1× 1017cm−3 near the edge.
Figure 2: A sample QUICKPIC simulation: 5GeV energy
gain in 10 cm (a) beam and plasma density (b) p1x1 phase
space after 10cm propagation
After 10cm propagation, the trailing beam has obtained
5GeV energy gain with a energy spread better than one per-
cent, and the emittance of the trailer is also conserved. This
suggests an energy conversion efficiency around 35 per-
cents. How the beam quality is affected by hosing due to
initial beam alignment error will be explored in future.
SUMMARY
In this paper, we explored the idea of using high trans-
former ratio PWFA (with a transformer ratio around 5 ) in
the relativistic blowout regime to meet the requirements of
a XFEL light source. First, we presented a simple theory
of transformer ratio for a linearly ramped drive beam in the
blowout regime. Based on this theory and the theory of
hosing instability, we mapped out a possible range of pa-
rameters. A sample simulation with 5GeV energy gain is
also shown to illustrate the idea. Further research will be
pursued to fully justify this idea.
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by the bunch charges, i.e.
η =
Nw∆γw
Nbγb
≤ Nw
Nb
(
2− Nw
Nb
)
.
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3.5 Beamloading and energy spread considerations
We have ignored the effect of the fields of the witness bunch so far. This is fine if the witness bunch
charge is small, but if the witness bunch charge-per-unit-length approaches that of the plasma density
perturbation, its effect on the wakefield will be significant. It is possible to flatten the field completely
with an appropriately shaped bunch. This is known as beamloading. Beamloading will result in the elec-
tron beam being accelerated with equal field strength for all electrons even if the bunch is relatively long
and therefore will preserve the beam energy spread.
For ideal flattening of the field, i.e., the electrons in the bunch experience an identical field through-
out, the bunch charge density per unit length must equal the background ion charge density per unit
length. In three-dimensions, Fig. 14, taken from Ref. [18], shows how the contributions of the wake
due the driver and that of an appropriately shaped witness bunch can lead to a flattened electric field in
the region of the bunch.
presence of the load, while in the simulations by Gordienko
and Pukhov,7 the wake was severely loaded by trapped
particles.
However, scaling laws do not give the exact coefficient
and they do not predict the optimal place to load the par-
ticles. Additionally, scaling laws cannot explain the effect of
the current profile on beam quality and they do not allow for
an accurate prediction on the beam loading efficiency. In
Ref. 30 we started from the theory on the excitation of non-
linear plasma waves31,32 to develop a predictive formalism
that allows one to analyze nonlinear beam loading, and in so
doing, provided the first description of the physics of beam
loading in nonlinear wakes.
In this article we expand on the work in Ref. 30. In Sec.
II the linear theory is reviewed and the difficulties that arise
when operating plasma-based accelerators in this regime are
discussed. Subsequently, in Sec. III, the physical picture of
beam loading in the nonlinear regime is presented and the
advantages of this regime are discussed. The analytical cal-
culations are presented in Sec. IV and the efficiency and
beam quality are addressed in Sec. V.
II. LINEAR THEORY
The linear theory for beam loading was developed by
Katsouleas et al.,33 who superimposed the wakefield gener-
ated by the trailing bunch to the wakefield generated by the
driver to obtain the final accelerating field. The maximum
number of particles N0 was found by requiring that the wake
behind an ultrashort unshaped trailing bunch vanishes,
N0 ! 5 ! 105""n
np
#$npA , %3&
where "nis the density perturbation of the wake and A is the
cross-sectional area of the wake in cm2. In this configuration,
100% efficiency is achieved only at the expense of 100%
spread in the energy gain of the beam.
In this regime the energy spread can be minimized for a
bunch with a triangular charge profile, as shown in Fig. 1.
However, this requires a compromise between the maximum
charge, accelerating field and efficiency. Let us assume that
an electron bunch with total charge Ql and transverse spot
size A is loaded at #=#0 in a linear wake so that the field
within the bunch is flat El,t= %m$pc /e&n1 /n0cos%kp#0&.33 The
formulas %22a&– %22d& in Ref. 33 yield
El,t = E0 cos%kp#0& , %4 &
N = N0
sin2%kp#0&
2 cos%kp#0&
. %5 &
As a result the energy absorbed per unit length is
El,tQl =
1
2
sin2%kp#0&
E0
2
4 %
A =
E0
2
8 %
A −
El,t
2
8 %
A , %6 &
where El,0'%E02 / 8 %&A and El,t'%El,t2 / 8 %&A are the energy
per unit length in the plasma wave in front and behind the
bunch, respectively. This formula may also be derived by
inspection from Fig. 1, where the wake in front of the bunch
has amplitude E0 and behind the bunch El,t. Thus the energy
absorbed per unit length is El,tQl=El,0−El,t and the beam
loading efficiency is &l=1−El,t /El,0. The efficiency only
reaches 100% for zero accelerating field %El,t=0&, while for
the maximum accelerating field %El,t=E0& the efficiency ap-
proaches zero.
In the discussion above A was a free parameter. How-
ever, if one wants both high efficiency and good beam qual-
ity there are possible limitations on A. In a finite-width
plasma wave the accelerating field depends on the radial lo-
cation. Therefore, electrons at different radii within the same
bunch are accelerated at different rates leading to energy
spread. Additionally, a finite-width wave has focusing/
defocusing fields and for small amplitude wakes the focusing
force does not depend linearly on the radius r. Such focusing
forces can lead to emittance growth. One solution based on
linear theory is to use matched beams, where the focusing
force of the loaded wake is matched to the diffraction from
the beam emittance. For emittances envisaged in future ac-
celerators %'N((m& and focusing forces in wakes at typical
plasma densities and with Gaussian transverse profiles, the
beams will need to be narrow %kp)r* 1, where )r is the spot
size of the beam& in order to be matched. This will also
minimize the energy spread while keeping the focusing
forces nearly linear %F!(r&.
In Ref. 33 it was shown that a narrow beam may only
interact with—and thus absorb energy from—the wake up to
a radius equal to a skin depth. Therefore, only an area Aeff
(c2 /$p
2 %Ref. 33& should be used when estimating the
amount of charge that can be loaded. Under this assumption
FIG. 1. %Color& The linear wakefield of a properly tailored trailing bunch %b&
is superimposed to the wake of the driver %a& to yield the total wakefield %c&.
The triangular charge profile leads to a constant wakefield within the bunch.
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Fig. 14: Contributions of the wake due t e driver and that of an appropriately shaped witness bunch can lead to
a flattened electric field. (Reproduced from ref. [18].)
4 Summary
Having an accelerati g fi ld structure move at vp results in upshift of both the maximum energy gain,
compared to a stationary accelerating structure with identical potential, and accelerator length by de-
phasing, by a factor 2γ2p , in the most general sense.
For la er driven plasma wakefield accelerators, since the dispersion in plasma results in a Lorentz
factor γp ∼ ω0/ωp, the accelerator length scales as the plasma number density to the three halves power,
∝ n3/20 . The maximum energy scales propo tionally to the plasma number density, n0. This means
that the accelerating gradient scales as 1/
√
n0, which implies that for the highest energy gains for high
energy physics, staging will be required.
F r the beam driven case, th maximum en rgy g in is limited by driver energy loss under realistic
conditions. The acceleration length scales as the beam energy and inversely to the decelerating field
strength,
Lpd =
γbmc
2
e|Ez(b)|
,
and the maximum energy gain is limited by the transformer ratio,
RT =
Ez(w)
Ez(b)
.
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The energy spread of the accelerated beam is affected by phase space rotation, the fields of the bunch
(with beam loading required for flattening the field). Low energy spreads can be achieved for correct
extraction timing / accelerated charge profile / localisation of trapping in wake phase.
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